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Proton transfer at metal oxide/water interfaces plays an important role in 
electrochemistry, geochemistry and environmental science. The key thermodynamic 
quantity to characterize this process is the surface acidity constant. An ab initio 
method that combines density functional theory based molecular dynamics (DFTMD) 
and free energy perturbation theory has been established for computing surface 
acidity constants. However, it involves a reversible proton insertion procedure in 
which frequent proton hopping, e.g. for strong bases and some oxide surfaces (e.g. 
SnO2), can cause instability issues in electronic structure calculation. In the original 
implementation, harmonic restraining potentials are imposed on all O-H bonds 
(denoted by the VrH scheme) to prevent proton hopping, and thus may not be 
applicable for systems involving spontaneous proton hopping. In this work, we 
introduce an improved restraining scheme with a repulsive potential Vrep to compute 
the surface acidities of systems in which proton hopping is spontaneous and fast. In 
this Vrep scheme, a Buckingham-type repulsive potential Vrep is applied between the 
deprotonation site and all other protons in DFTMD simulations. We first verify the 
Vrep scheme by calculating the pKa’s of H2O and aqueous HS- solution (i.e. strong 
conjugate bases), and then apply it to the SnO2(110)/H2O interface. It is found that the 
Vrep scheme leads to a prediction of the point of zero charge (PZC) of 4.6, which 
agrees well with experiment. The intrinsic individual pKa of terminal five-coordinated 
Sn site (Sn5cOH2) and bridge oxygen site (Sn2ObrH+) are 4.4 and 4.7, respectively, 
both being almost the same as the PZC. The similarity of the two pKa values indicate 
that dissociation of terminal water has almost zero free energy at this proton hopping 





Since proton transfer (PT) is ubiquitous in chemical, biological and geochemical 
systems, lots of attention has been paid to PT processes both in experiment and 
theory1-9. Acidity constants (pKa) are the key parameter measuring thermodynamic 
properties of PT processes in solution and at oxide/water interfaces. At metal 
oxide/water interfaces, there are many chemically active sites which can interact with 
water molecules, and exchange protons with bulk water or neighboring sites10. The 
change of protonation states of surface groups depends on their pKa values and pH in 
solution. There is a special pH condition at which the oxide surface possesses no net 
proton charge, i.e. the point of zero proton charge (PZC). When the pH in solution is 
lower than the PZC, the oxide surface will accept protons from solution and become 
positively charged, and when the pH is above the PZC, the surface will release 
protons to solution and become negatively charged11,12. 
Although PZC can be measured by the potentiometric titration method, the 
intrinsic pKa’s of individual surface groups are generally inaccessible by experiment. 
Note that recent advances in wide-field second harmonic spectroscopy methods are 
making some headway in resolving this issue.13-16 Theoretical calculations therefore 
offer an appealing alternative to determine surface acidities. Along these lines, 
previous theoretical approaches include the bond valence methods of Bickmore and 
co-workers,11,17-19 and Hiemstra et al’s MUltiSIte Complex (MUSIC) model,20 while 
Machesky and co-workers used classical molecular dynamics (MD) simulations and 
density functional theory (DFT) structural optimization to obtain bond valences and 
predict pKa’s.21-23 Despite many successes, the accuracy of predicted individual pKa’s 
with these methods inherently depends on the empirical parameters used. 
An alternative approach for predicting individual pKa values, which avoids the 
need to introduce empirical parameters, is to combine all atom DFTMD and free 
energy perturbation (FEP) methods.24-30 In this DFTMD approach, the free energy of 
proton transfer can be derived from the vertical energy gap between the protonated 
(HX) and deprotonated state (X-) in a reversible proton insertion procedure.24 In this 
procedure, the vertical energy gap is computed by switching off the proton’s nuclear 
charge, turning it into a “dummy” atom. This dummy proton has no interactions with 
other atoms in the simulated models except that a harmonic restraining potential Vrd is 
applied to it to keep where the proton was. In the early implementation, to prevent 
instability an addition restraining potential VrH was applied to all O-H bonds that may 
dissociate spontaneously, which has been used to good effect to calculate pKa’s of 
molecular acids, like benzoquinone26, tyrosine and tryptophan27, the mineral-water 
interfaces like quartz and gibbsite31-35 and the oxide-water interfaces like rutile 
TiO236,37 and hematite (α-Fe2O3)38. In the systems mentioned above, proton hopping 
among surface groups is a rare event and DFTMD simulations39-41 with the VrH 
scheme can be safely performed. However, the applicability of this approach to 
systems where O-H groups release protons spontaneously, such as RuO2(110)42,43, 
ZnO(100)44,45, cubic ZrO246, InP(001)47, b-MnO2(110)48 and SnO2(110) 
interface22,49-52, remains a problem. 
In this work, we introduce an improved restraining scheme to the DFTMD based 
method for computing the acidities in systems with proton hopping groups. In this 
modified scheme, a Buckingham-type repulsive potentials Vrep is applied between the 
deprotonation site X- and all other protons in DFTMD simulations, instead of 
imposing a harmonic restraining potential VrH to all O-H bonds. We first verify the 
Vrep scheme by calculating the pKa’s of H2O and aqueous HS- solution, and then apply 
it to the rutile SnO2(110)/H2O interface. Our study shows that in contrast to the VrH 
scheme, the proposed Vrep scheme leads to a consistent thermodynamic description of 
surface pKa’s, the point of zero charge (PZC) and water dissociation free energy DAdiss 
at oxide/liquid interfaces where surface water can spontaneously dissociate with 
frequent proton hopping events. 
2. Theory and Methods 
2.1. Calculation of pKa’s by free energy perturbation   
An acid dissociation reaction can be written as, 
XH → X- + H+(aq)          (1) 
where X denote a molecular group or acid-base active site on a surface. The acid 
dissociation free energy of reaction (1) is ∆Gao=2.3kBTpKa , where T is the 
temperature and kB is the Boltzmann constant. DFTMD implementation of the free 
energy perturbation method has been developed for computing acid dissociation 
energies and pKa’s, in which free energy changes can be obtained by integrating 
ensemble averages of vertical energy gaps computed from a series of MD trajectories 
sampling configurations transforming from reactant to product state24,26,27. The 
method is briefly described as follows.  
For the protonated reactant XH transforms into the deprotonated product X-, we 
can construct a mapping potential energy function Eh, which is a linear superposition 
of the potential energy function of the protonated state EXH and deprotonated state 
EX-, 
Eη=	(1-η)EXH	+	ηEX-      (2) 
where h is the coupling parameter varying from 0 (i.e. reactant XH) to 1 (i.e. product 
X-). As described in previous publications24,26-28,30,36, the transferred proton in reaction 
(1) is inserted or removed by switching off its nuclear charge and transforming it into 
a ‘dummy’ proton as a half reaction,  
XH →Xd-          (3)	
When combining Eq. (3) with H2Od →H3O+, it will make a full proton transfer 
reaction. As the dummy proton does not have interactions with other atoms in the 
simulated model, a harmonic restraining potential Vrd is applied between the dummy 
proton and X- site both for XH state and Xd- state in DFTMD simulations24,53. 
Including the contribution of Vrd, the restrained mapping potential expression is 
modified to read, 
Eη= (1-η)EXH + ηEX- 	+ Vrd   (4) 
The introduced Vrd ensures that the dummy proton is kept its position close to the 
equilibrium position of the H+ nucleus in the protonated state HX. In addition, Vrd also 
plays the role of preventing spontaneous dissociation in the case that XH is a strong 
acid. The force constant and structural parameters in Vrd are appropriately selected 
(see Table S1 in the Supporting Information for detailed form and parameter values) 
to keep the dummy proton at its place while not causing much deviation for free 
energy calculation26,27. 
The vertical deprotonation energy gap DdpEXH defined from the derivative of the 
mapping potential Eq. (4) with respect to h 
∆dpEXH	=	
∂Eη
∂η  = EX
-	 − EXH            (5) 
<ΔdpEXH>h is estimated as the time average of vertical deprotonation energy gap over 
a sufficiently long MD trajectory of the mapping potential energy Eh. 
Thermodynamic integration of <ΔdpEXH>h over the coupling parameter h from 0 to 1 
yields the deprotonation free energy of reaction (3), 




In practice, a few mapping potentials Eh are sampled with DFTMD at h values 
usually evenly spaced from 0 to 1, and then numerical integration of Eq. (6) is carried 
out using the trapezoidal rule or Simpson’s rule. 
In order to obtain the pKa for reaction (1), the deprotonation of XH needs to be 
coupled with the deprotonation of aqueous hydronium H3O+(aq), i.e. the 
deprotonation free energy of XH ΔdpAXH should be referenced to the deprotonation 
energy of H3O+(aq)27. Hence, the acid dissociation energy ∆Gao and acidity constant 
of XH can be expressed as 
∆Gao	=	2.3kBTpKa= ∆dpAXH − ∆dpAH3O+ 	+	kBT In(c
oΛH+
3 )      (7) 
in which ∆dpAH3O+  is the deprotonation free energy of H3O
+(aq), and the added 
constant kBT	In(coΛH+
3 ) is the translational entropy of proton, accounting for the acid 
dissociation entropy27. ∆dpAH3O+ can be calculated using the same thermodynamic 
integration method described above, and should be evaluated in the same periodic 
model as the ΔdpAXH in order to cancel the so-called Hartree potential shift present in 
both terms due to the uncertainty in potential reference under periodic boundary 
conditions. We refer interested readers to the previous publications about details on 
Hartree potential shift26, 28, 30. 
It is expensive to evaluate the reference integral ∆dpAH3O+ in large interface 
models. To save the computational costs, the ∆dpAH3O+  term in Eq. (7) can be 
obtained by combining the integral computed in a pure water box, which is much less 
costly and already known from the previous work, and a secondary step of aligning 
electrostatic (Hartree) potentials in bulk water region between the interface model and 
pure water model54. This method has been presented in detail in Ref. 54, and can be 
simply written as follows: 
∆dpAH3O+
(i) =  ∆dpAH3O+
(w) − eϕwat
(i)               (8) 
in which the added superscript ‘(i)’ and ‘(w)’ represent the oxide/water interface and 
pure water model, respectively, and ϕwat
(i)  is the average electrostatic potential of the 
water phase in the oxide/water interface model. ∆dpAH3O+
w  has been calculated using 
both 32 and 64 water box and the recommended value is 15.35 eV28,55. The −eϕwat
(i)  
can be obtained by averaging over the DFTMD trajectory using the interface model. 
This DFTMD method for pKa calculation has been extensively applied to 
aqueous solution and oxide interfaces and carefully analyzed for errors in previous 
studies, including density functionals, finite size errors and statistical errors24,26,28. It 
has been found that the main error for pKa calculation comes from statistical 
uncertainties, which is on the order of ~0.1 eV, i.e. 1-2 pKa units. 
2.2. Calculating pKa’s of proton hopping systems 
When calculating the potential energy function EX- of deprotonated species in 
which the acid proton was transformed into a dummy proton, the original X- site 
could accept another proton Hh hopping from neighboring sites, as illustrated in Fig.1 
(a). The configuration of such two overlapped or extremely close protons presents 
numerical challenges, as it will lead to divergence in the electronic structure 
calculation. Therefore, techniques need to be introduced to prevent X- away from 
receiving spontaneously transferred protons from neighboring acids. 
A simple fix to this problem is applying harmonic restraining potentials VrH to all 
O-H bonds (see Table S1 in the Supporting Information for detailed form and 
parameters)24,26, as illustrated in Fig. 1(b). However, for solid-liquid interfaces where 
water dissociation is reversible and proton hopping between surface groups is 
spontaneous, this practice is questionable because it eliminates all PT events in the 
system.  
In this work, we propose to use, instead of VrH, a set of repulsive potentials Vrep 
described in Fig. 1(c). Not only does this prevent X- from receiving protons (while 
also preventing proton overlap), it also allows PT events to happen in the rest parts of 
the system, providing a more accurate description of the chemical environment. 
 
Figure 1. Simplified illustration of the insertion of an acid proton by converting the dummy 
proton into a real proton (i.e. a water molecule assumes the role of XH, while we associate a 
hopping proton Hh with a hydronium ion). (a) In the absence of VrH and Vrep constraints, the 
dummy proton (black circle) and Hh have a significant probability of overlapping. (b) In the VrH 
scheme, restraining potentials are applied to prevent overlap between the dummy proton and Hh. 
This also prevents possible dissociation of O-H bonds. (c) In the proposed Vrep scheme the dummy 
proton is still restrained to its oxygen atom, but now overlap is prevented by imposing a repulsive 
potential between the dummy proton and the other hydrogen atoms in the system. 
We choose a Buckingham-type repulsive potential for Vrep 
Vrep = A∙e&d B⁄   							(9)	
where d is the distance between the deprotonated group X- and neighboring protons, 
and A and B are parameters having the unit of energy and length, respectively. It is 
worth noting that similar to Vrd included in Eq. (4), Vrep enters the expression of the 
mapping potential as 
Eη= (1-η)EXH + ηEX-+Vrd+Vrep      (10) 
Since both Vrd and Vrep are independent of the coupling parameter h, they do not 
contribute to the vertical energy gaps and surface pKa’s directly. Note that they could 
still affect the computed pKa’s by perturbing the equilibrium structures, which we 
hope to minimize in our calculation by carefully choosing the parameters in them. 
Parameter A (1254.7 eV) and B (0.1724 Å) are determined by reproducing the radial 
distribution function (RDF) of the reference DFTMD simulation consisting of one 
OH- in 31 water molecules with the harmonic restraining potential VrH. (Fig. 2). It is 
worth pointing out that the RDFs obtained with restraints are essentially the same as 
the unbiased one56,57, indicating the perturbation caused by the restraint on the 
structure is negligibly small. 
 
Figure 2. Radial distribution functions (RDF) between O atom of OH- and hydrogen atoms 
in 31 H2O cubic box. The blue curve corresponds to the case that all the O-H bonds of water 
molecules subjected to harmonic restraining potentials VrH, and the orange curve corresponds to 
the O atom in OH- applied with the Buckingham-type repulsive potentials Vrep against the rest H 
atoms in water. dO-H (Å) is the distance of the O atom in OH- and the H atoms in water. Inset: the 
variation of Vrep changes with dO-H (A=1254.7 eV and B=0.1724 Å). 
2.3. Computational setup 
We first verify the Vrep scheme by calculating the pKa’s of H2O and aqueous HS- 
solution, and then apply it to the aqueous SnO2(110)/H2O interface. For liquid H2O 
and aqueous HS- solution, the simulated models are periodically repeated cubic cells 
with a width of 9.86 Å consisting of 32 H2O and 31 H2O with one HS-, respectively. 
The SnO2(110) surface is modelled by periodic slabs of three O-Sn-O layers with 
lateral dimensions of a 4 × 2 surface cell. The slabs are separated by a space of 9.7 Å 
giving an orthorhombic supercell of dimensions 12.7 × 13.4 × 19.3 Å3. To model the 
SnO2(110)/H2O interface, the space between the slabs is filled with 54 water 
molecules and there are two symmetric interfacial planes in each unit cell (see Fig. 3). 
All the DFTMD calculations are carried out using the freely available program 
package CP2K/Quickstep58. The density functional BLYP59,60 is used for H2O and 
HS- and the PBE functional61 is used for SnO2(110)/H2O interface. 
Goedecker-Teter-Hutter (GTH) pseudopotentials62,63 are employed to represent the 
core electrons. The atomic basis sets for the valence electrons (1s1 for H, 2s22p4 for O, 
3s23p4 for S and 5s25p2 for Sn) are the standard triple-z basis with two sets of 
polarization functions (TZV2P) for H2O and HS-, and short-ranged double-z basis 
functions with one set of polarization functions (DZVP)64 for the SnO2(110)/H2O 
interface. The plane wave cutoff for electron density expansion is set as 400 Ry. The 
target accuracy for the SCF convergence is 3 × 10-7 a.u.. The NVT ensemble is used 
for MD propagation with the time step of 0.5 fs and the equilibrium temperature for 
all the simulations is kept to be 330K by using the Nose-Hoover thermostat65.  
 
Figure 3. DFTMD models of the SnO2(110)/H2O interface used in surface acidity calculation. 
(a) Model for Sn5cOH2/Sn5cOH- site (reaction (11)) and (b) model for Sn2ObrH+/Sn2Obr site 
(reaction (12)). Sn, O, H and target proton/dummy are colored in yellow, red, white and black, 
respectively.  
3. Results and discussion 
3.1. Validating the Vrep scheme by computing pKa of weak acids H2O and HS- 
 According to Eqs. (6) and (7), we calculate the deprotonation integrals DA, acid 
dissociation free energies ∆Gao and pKa’s of H2O and HS- using the Vrep scheme, as 
listed in Table 1. The previous calculation with the VrH scheme28, as well as 
experimental data, are also given for comparison. The computed pKa’s of H2O and 
HS- calculated with the Vrep scheme are14.7 and 17.0, respectively, in agreement with 
the experimental values of 15.7 and 17.0. Furthermore, comparing to the literature 
values using the VrH scheme, there is also little difference in the computed free 
energies and pKa’s. These encouraging results indicate that the Vrep scheme with 
properly chosen parameters (see Section 2.2) can indeed give good pKa’s of weak 
acids. 
Table 1. Deprotonation integrals ΔA and conversion to the acid dissociation free energies ∆Gao 
and pKa’s of H2O and HS-, computed with the VrH and Vrep scheme in comparison with the 
experimental values. All the energies are in eV, and the estimated statistical errors for the energies 
are on the order of ~0.1 eV. 
deprotonation GGA/BLYP (Vrep) GGA/BLYP (VrH)28 Exp. 
 ΔA ∆Gao pKa ΔA ∆Gao pKa ∆Gao pKa 
H2O(l) → OH− 16.37 0.83 14.7 16.34 0.70 13.6 0.83 15.7 
HS-→S2- 16.54 1.0 17.0 16.5 1.0 17.1 1.0 17.0 
 
3.2. Applying the Vrep scheme for computing surface pKa’s of SnO2 (110) 
Cassiterite SnO2 is isostructural to rutile TiO2. As in the previous pKa calculation 
at the rutile TiO2(110)/H2O interface36, there are two active sites in which may 
exchange protons with solution, i.e. the terminal five-coordinated Sn5c group and the 
bridging oxygen Obr group. The corresponding half-reactions are 
Sn5cOH2→	Sn5cOH
- + H+(aq),   KH1        (11)	
Sn2ObrH+→Sn2Obr + H
+(aq),   KH2       	(12)	
where KH1 and KH2 are the deprotonation equilibrium constants, and the respective 
pKa = -log KH. The solvated proton H+(aq) is the reference for the pKa calculation. 
Reaction (11) describes a scenario in which a water molecule adsorbed on a terminal 
metal site releases a proton to solution, rendering the surface negatively charged (i.e. 
pH > PZC). The reverse of reaction (12) indicates a bridging oxygen site receiving a 
proton from solution, which positively charges the surface (i.e. pH < PZC). The same 
as the aqueous TiO2(110) surface36, the PZC on SnO2(110) can be achieved by adding 
reactions (11) and (12), while dissociation of surface terminal water can be described 
by subtracting reaction (11) from reaction (12) 
Sn5cOH2 + Sn2ObrH+→Sn5cOH
- + Sn2Obr + 2H+,   KPZC     (13)	
Sn5cOH2 + Sn2Obr→Sn5cOH- + Sn2ObrH+,      Kd      (14)	
In addition, the ratio of Sn5c sites and Sn2Obr sites on the SnO2(110) surface is 
1:1, and the surface concentrations of Sn5cOH- and Sn2ObrH+ are equal at the PZC 
equilibrium, which leads to KPZC = [H+]PZC
2 = KH1KH2  and Kd = KH1/KH2 . 
Substituting ∆Adiss=-kBTlnKd and pKa = -log KH in the above equations, the relation 
between pKa, PZC and the dissociation free energy of surface absorbed water are 
derived as follows  
PZC=
1
2 .pKa1+pKa2/         (15) 
∆Adiss=2.30kBT.pKa1 − pKa2/          (16) 
For the SnO2(110)/H2O interface model, the value of ϕwat
SnO2(110) in Eq. (8) is 
found to be 4.05 V, which leads to a value of ∆dpAH3O+
SnO2(110) of 19.4 eV. The time 
accumulative averages of vertical energy gaps and computed deprotonation integrals 
of ∆dpASn5cOH2  and ∆dpASn2ObrH+  are illustrated in Figure S1 in the Supporting 
Information. Substituting ∆dpASn5cOH2  and ∆dpASn2ObrH+  and aligned ∆dpAH3O+
SnO2(110) 
into Eq. (7) gives the pKa’s values. The intrinsic pKa’s for Sn5cOH2 (pKa1) and 
Sn2ObrH+ (pKa2) calculated with the Vrep scheme are found to be 4.4 and 4.7, 
respectively. The computed pKa1 and pKa2 are close, and their average gives the PZC 
of 4.6 following Eq. (15). The dissociation free energy ΔAdiss of terminal water is 
-0.02 eV according to Eq. (16). All the calculated results are listed in Table 2.  
In terms of experimental values, Bogdanova et al66 found a PZC of 4.1 at 20℃ 
from potentiometric titrations with nanosized SnO2, and Rosenqvist et al67 obtained a 
similar PZC value of ~4.3 at 25℃ for tin oxide power using the same titration 
method. In an earlier work, Ahmed and Maksimov68 determined the PZC for 
crystalline cassiterite to be in the range 4.8 - 5.5. It is clear that the DFTMD 
calculation with the Vrep scheme gives the PZC value of 4.6, almost the same as 
experiment.  
In contrast, the intrinsic pKa’s for Sn5cOH2 (pKa1) and Sn2ObrH+ (pKa2) calculated 
with the VrH scheme are 5.6 and -0.1, respectively. The statistical convergence of 
vertical energy gaps and deprotonation integrals of ∆dpASn5cOH2 and ∆dpASn2ObrH+ is 
shown in Figure S2 in the Supporting Information. Thus, the computed PZC is 2.8 
following Eq. (15) and the dissociation free energy ΔAdiss of surface water is 0.34 eV 
according to Eq. (16). Comparing to the Vrep scheme (see Table 2), the VrH scheme 
underestimates the PZC and significantly overestimates ΔAdiss.  
Table 2. Comparison between computed pKa’s for Sn5cOH2 (pKa1) and Sn2ObrH+ (pKa2), PZC, 
ΔpKa and dissociation free energy ΔAdiss of surface water using the Vrep and VrH scheme. 
 pKa1 pKa2 PZC ΔpKa ΔAdiss /eV 
Vrep scheme 4.4 4.7 4.6 -0.3 -0.02 
VrH scheme 5.6 -0.1 2.8 5.7 0.34 
 
3.3 Interpreting the effect of repulsive potential Vrep on pKa shifts 
When comparing pKa shifts due to the VrH scheme and the Vrep scheme, the most 
significant change happens to pKa2 (Eq. 12 and Table 2). Here we investigate possible 
causes of the observed differences. 
At face value, the main difference between the VrH scheme and the Vrep scheme is 
that the latter allows PT events happen in the neighboring surface groups. This could 
lead to the stabilization of charged groups (Sn2ObrH+ and Sn5cOH-) due to the 
dissociated water nearby and a possible charge equilibration mechanism. As a 
consequence, we would expect pKa2 to increase and pKa1 to decrease to the similar 
extent when changing from the VrH to Vrep scheme. However, this is clearly not the 
case, as evidenced by Table 2. Despite the correct signs, pKa shifts are asymmetric 
and significantly larger in the case of pKa2. This suggests that there is a second factor 
resulting from the Vrep scheme which also affects pKa shifts. 
By analyzing the structures of surface groups involved in the deprotonation 
reactions in Eq. 11 and Eq. 12, we find that the Vrep scheme promotes H-bonds 
forming between Sn5cOH2 and neighboring Sn5cOH- in the simulation of the Sn5cOH2 
protonation state (Fig. 4f), and also between Sn2ObrH+ and Sn5cOH- in the simulation 
of the Sn2ObrH+ protonation state (Fig. 5f). When comparing to the result using the 
VrH scheme (Fig. 4a and Fig. 5a), this effect is more significant between Sn2ObrH+ and 
Sn5cOH-, as shown in the RDFs and coordination numbers (Fig. 4b and Fig. 5b). 
Forming H-bonds with neighboring surface groups will stabilize Sn2ObrH+ and 
Sn5cOH2. Consequently, both pKa2 and pKa1 should become larger. Thus, when this 
hydrogen bonding effect acts to further enhance the differences in pKa2 between the 
VrH and Vrep scheme, it competes with the charge stabilization mechanism discussed 
above when considering pKa1. The fact that pKa1 changes by only a little suggests that 
the effect of hydrogen bonding is in fact rather significant. 
 
Figure 4. Structural analysis of surface groups involved in pKa1 calculations (reaction (11)). 
(a) The RDFs between surface groups and neighboring protons using the VrH scheme. (b) The 
RDFs between surface groups and neighboring protons using the Vrep scheme. Numbers next to the 
first peak of the RDFs are the coordination numbers. The corresponding DFTMD snapshots of 
Sn5cOH- and Sn5cOH2 are shown in (c) and (d) for VrH and (e) and (f) for Vrep. 
 
Figure 5. Structural analysis of surface groups involved in pKa2 calculations (reaction (12)). (a) 
The RDFs between surface groups and neighboring protons using the VrH scheme. (b) The RDFs 
between surface groups and neighboring protons using the Vrep scheme. Numbers next to the first 
peak of the RDFs are the coordination numbers. The corresponding DFTMD snapshots of Sn2Obr 
and Sn2ObrH+ are shown in (c) and (d) for VrH and (e) and (f) for Vrep.  
 
The remaining question is why the Vrep scheme promotes H-bonds forming 
between surface groups while the VrH scheme does not. As shown in Fig. 6, one can 
clearly see that when a H-bond is formed between the adsorbed water and the bridge 
oxygen in the case of the Vrep scheme, the O-H bond length is significantly larger than 
what is allowed by the VrH scheme. In other words, the difference between two 
schemes not only lies in the availability of PT events but also shows up in the H-bond 
network at solid-liquid interfaces. 
 
Figure 6. Distribution of O-H distance in the adsorbed water molecules (i.e. Sn5cOH2 groups) 
that forms direct H-bonds, with surface bridging oxygens (i.e. Sn2Obr groups) when using the Vrep 
scheme, and with a water molecule when using the VrH scheme.  
 
3.4 Acidities of surface groups at acid-base equilibrium 
Assuming that dissociation events are independent, the degree of dissociation a 
is linked to DAdiss, 





(1 − 𝛼).        (17) 
DAdiss can therefore be estimated by simply counting the degree of dissociation in 
an unbiased DFTMD trajectory. We set the O-H bond length cutoff as 1.25 Å. 
Averaging over a 15 ps DFTMD trajectory, we obtain the number of surface sites 
Sn2ObrH+ and Sn2Obr being 4.53 and 3.47 in our SnO2(110)/water interface model (8 
sites in total on the surface), respectively. Thus, the degree of dissociation a is 
estimated as 57% at the SnO2(110)/H2O interface. This corresponds to almost zero 
DAdiss, which indeed agrees with the value of -0.02 eV calculated from ΔpKa with the 
Vrep scheme. 
Finally, we would like to link our calculation of similar pKa’s of the two sites on 
SnO2 with the general consideration of thermodynamics of acid-base equilibrium at 
oxide-water interfaces. For oxide surfaces with frequent proton hopping, acid-base 
equilibrium can be readily established at the time scale of our simulation. As a result, 
the calculated deprotonation free energies of the two sites would be necessarily the 
same, leading to both pKa’s being the same as PZC. In a strict sense, the pKa is 
defined for acid dissociation taking at the dilute limit, and thus ignoring the 
interaction among the conjugate acid and base. However, on SnO2 such a condition is 
not valid since partial water dissociation with frequent proton hopping has already 
implied strong mutual interaction in the mixture of two pairs of acid/base conjugate 
sites.  
4. Summary and outlook 
In summary, we extend the methodology of combining DFTMD and free energy 
perturbation for computing surface pKa’s to systems involving weak acids and 
spontaneous proton hopping. The key idea is to use a repulsive potential Vrep    
between the deprotonated group X- and all surrounding protons in the pKa calculations, 
instead of applying harmonic restraints VrH to all O-H bonds. 
In the case of SnO2(110)/H2O interface where water dissociation is reversible 
and proton hopping is spontaneous, we showed that only the Vrep scheme leads to 
good agreement with experiment in terms of the PZC and with the unbiased DFTMD 
simulation for the degree of water dissociation. 
   Furthermore, it is found that the Vrep scheme not only allows PT events happen in 
the simulation system but also promotes H-bonds formation between surface groups, 
comparing to the VrH scheme. This explains the extend of pKa shifts when switching 
from the VrH scheme to the Vrep scheme and provides a more realistic description of 
the corresponding solid-liquid interface. Our calculation gives two similar pKa’s for 
the two surface sites, indicating that water dissociation free energy at the proton 
hopping interface is close to zero, as expected from the acid-base equilibrium. 
Since the Vrep scheme is validated in this work and generally applicable to 
systems involving weak acids and spontaneous proton hopping, we expect that it 
would be useful to other solid-liquid interfaces commonly found in electrochemistry, 
geochemistry and environmental science. 
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